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184. 


A THEOREM RELATING TO SURFACES OF THE SECOND ORDER. 


[From the Quarterly Mathematical Journal, vol. 11. (1858), pp. 140—142.] 


GIVEN a surface of the second order 


(a, 6, c, d, f, g, hil, m, n) (a, y, 2, wP=0, 
and a fixed plane 
ax + By +yz + dw =0, 
imagine a variable plane 
Ea + ny + fz+aw=0, 


subjected to the condition that it always touches a surface of the second order, or 
what is the same thing such that the parameters £, n, 6 œ satisfy a condition 


(a, b, C, d, f, g, h, l, m, n) (E, N, G; w) =0. 


The given surface of the second order, and the variable plane meet in a conic, 
and the fixed plane and the variable plane meet in a line, it is required to find the 
locus of the pole of the line with respect to the conic. 


The pole in question is the point in which the variable plane is intersected by 
the polar of the line with respect to the surface of the second order: this polar is 
the line joining the pole of the fixed plane with respect to the surface of the second 
order, and the pole of the variable plane with respect to the surface of the second 
order. Let œ, Én Y» &, be given linear functions of a, B, y, ò and & n, © œ, be 
given linear functions of £, n, & œ, viz., if 


(AM, B, C, Di 8, ©, ý, e: M, N), 
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are the inverse system to (a, b, c, d, f, g, h, l, m), then let 


a =%Ac+ HB+Gy+ L, 
Bı = Ha + BB+ By + MS, 
yı = Ga+ F8 + Cy + NS, 
ò = Ca + MB+ Ny + DS, 
and in like manner, 
&,=%F+ Hn+ GF+ Lo, 
m=HE+ Bn + FF+ Mo, 
6 =GE+ n+ EF+ No, 
w= LE +My +NE+ Do, 
.then the coordinates of the pole of the fixed plane are as 
ae By a 6; 


and the coordinates of the pole of the variable plane are as 


Eim: & : 4, 


whence the equations of the polar are 


Oey Bip Balke: 


| a, B,, Yi 8 
| Es i> oi, w T 
a system of equations which may be thus represented 
é& = Kaw + pa, 
m Kay a BB, 
i= Kaz + PY» 
w = Krw+ uò, 


where K is the discriminant of the system , 
(a, b, c, d, e, f, g, h, 1, m, n). 
Write 
x=art+hy +gz + Ww, 
y =hx + by +fz + mu, 
z=ge+fy +cz+nw, 


w=lx +my+nz+ dw, 
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the last preceding system of equations may be written 


E =)x + pa, 
n =y + aß, 
E =\Z + uy, 
w = AW + pÒ, 


equations in which à, w are indeterminate, and where x, y, z, w may be considered 
as current coordinates, and this system represents the polar above referred to. Com- 
bining the equations in question with the equation 


Ee + ny + &+ ow =0, 
of the variable plane, we have 
A (£x + yy + 22+ ww) + pw (ax + By + y2z+ dw) =0, 
A (a,...) (a, Y, 2, WP + p (ax + By + y2z+ dw) =0, 
or what is the same thing 
A : p=as+ By +yz+ bw : (a...) (£, Y, z, WE, 


and substituting these values in the expressions for £, 7, &, œ we have é, n, & œw in 
terms of the coordinates æ, y, z, w of the pole above referred to, i.e., if for shortness, 


U=(a, b,c, d, f, g, h, l, m, n) (a, y, 2, Ww 
P = an + By + yz + du, 


then 
é =4Pd,U — aU, 
n =4Pd,U — BU, 
E =4Pd,U — qU, 
w = 4 Pd U — ôU, 


and combining with these equations the equation 


(a...) (& n, & of =0, 


we have 


(a...) (GPd U —aU, }Pd,U—8U, $Pd,U — yU, }Pd,,U—8Uy = 0, 


for the required locus of the pole of the line of intersection of the variable plane 
and the fixed plane, with the conic of intersection of the given surface of the second 
order and the variable plane. The locus in question is a surface of the fourth order; 
and it may be remarked that this surface touches the given surface of the second 
order along the conic of intersection with the fixed plane. 


Tth April, 1857. 
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